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Abstract
Fuel cells have a relatively high energy density and use hydrogen as a renewable energy source. Fuel cells are
one of the future promising renewable and sustainable power sources that can be used as a clean power source
for various applications such as transportation. In conjunction with large supercapacitors, fuel cells can generate
high power density with a fast dynamic response, which is ideal for automotive applications. In order to design a
highly efficient  fuel cell system for automotive applications,  an optimised  model for a multi-level  DC-DC
converter, fuel cell and supercapapcitor  is required. The analytical model for the fuel cell has been developed in
order to model the interface of the fuel cell, supercapacitor and drive train to the interleaved DC-DC converter.
This  paper  deals  with  the  development  of   a  detailed  fuel  cell  model  using  Matlab/  Simulink  where  the
parameters  for  a  Ballard  Mk-V fuel  cell  stack  are  used.   The simulation  results  have  been  presented  and
discussed and the validity of the developed model is ascertained.
1 Introduction
According  to  the  RAC  Foundation  at  the  end  of
September  2018,  there  were  38.4  million  vehicles
licensed for use on the roads in Great Britain, of which
31.6  million  were  cars  [1].  The  majority  of  these
vehicles  are  fossil  fuel  driven  and  make   an  ever
increasing  demand  on  the  planets  finite  supply  of
fossil  fuels  and  a  need  to  reduce  the  amount  of
pollution not only in the densely populated cities and
towns but also for the planet as a whole. 
Some of the solutions to date include the introduction
of pure electric vehicles (EV), hybrid electric vehicles
(HEV) and fuel cell hybrid electric vehicles (FCHEV)
to the market.
Fuel cells (FC) are widely recognized as one of the
most  promising  technologies  to  meet  future  power
requirements of vehicular applications[2]. Not only for
their zero emissions but also due to their low operating
temperature [3,4].
Unfortunately fuel cells have relatively poor dynamic
response.  However,  with  the  emergence  of  large
supercapacitors with high power density and the shift
to  hybridization  in  the  vehicle  technology,  fuel
cell/supercapacitor  hybrid  fuel  cell  vehicles  are
gaining more attention [5]. To ensure a system level
simulation,  fuel  cell  stack  model  should  be  able  to
reflect fuel cell characteristics accurately. 
The advantages of using a fuel cell stack for testing
are numerous including;  fuel cell stack power can be
configured  to  different  settings  using  the  same
emulator, depending on the specific  fuel cell stack to
be  emulated;  the  limit  operating  scenario,  such  as
stack short circuits, stack overheats, can be emulated
during  the  tests,  without  damaging  a  real  fuel  cell
stack.  Additionally this model  can then be used  in
conjunction with supercapacitor models to investigate
other interfaces such as power converters and energy
recovery systems on an electric vehicle for maximum
efficiency.
Consequently, this paper concentrates on the FCHEV
and in particular the development of a fuel cell model






A fuel cell, Figure. 1, is a device that uses hydrogen as
a fuel to produce electrons and  protons; and  heat and
water as  by products of the of  the simple combustion
reaction given below; 
Through the chemical reaction , the hydrogen is split
into electrons and protons and each takes a different
path to the cathode.
The electrons travel externally through the load. The
protons  pass  through  the  electrolyte  and  are  then
reunited  with  the  electrons  at  the  cathode.  The
electron, proton, and oxygen (from the air) combine to
form  the  harmless  by-products  of  water  and
heat.Figure 1 Fuel Cell
The hydrogen fuel is supplied to the anode of the fuel
cell while oxygen is supplied to the cathode of the fuel
cell. The electrodes consist of a catalytic layer of great
superficial  area  permeable  to  gases.  Electrocatalyst
materials  are  necessary  to  obtain  a  good  operation,
increasing the speed of the chemical reaction. In this
way,  the  gases  can  react  with  a  lower  energy  of
activation,  allowing  the  reaction  to  take  place  at  a
lower  temperature.  The  electrocatalyst  used  in
PEMFC  is  platinum,  which  is  one  of  the  major
drawbacks of this technology because of its high cost. 
2 Energies in Fuel Cells
Figure 1 also shows the fuel cell system in terms of
the  input  chemicals  (products),  the  resulting  output
chemicals (reactants) and the output current and heat.
In order to calculate the output energy from the fuel
cell, it is necessary to first calculate the input energy
and  then  account  for  any  inefficiencies  and  other
unwanted by products in the system.
2.1 Chemical Energies
There are several terms used to describe ‘chemical 
energy’;
Internal Energy (U) –  is the total energy and
includes the energy of the molecular structure
and activity. 
Enthalpy (H)  - combines the internal energy
and the product of pressure and volume. 
Entropy (S) - represents the unavailability of
a system's thermal energy for conversion into
work.
When dealing with chemical reactions it is often more
useful to know the change in enthalpy. The enthalpy
change  defines  the  useful  energy  exchange  of  the
system when it undergoes any energy interaction such
as work and heat transfer. 
The standard enthalpy of reaction occurs in a system
when one mole of matter is transformed by a chemical
reaction and is defined as;
Enthalpy  of  reaction  =  Enthalpy  of  formation  of
products - Enthalpy of formation of reactants.
In terms of a PEM fuel cell this becomes 
The  enthalpy  of  formation  values  are  sourced  from
standard  thermodynamic  properties  of  chemical
substances tables and those used are shown in Table1.
Table 1. Values of hf and Sf at 298.15 K, 1 ATM
Using
these
coefficients, equation (2) gives,Not all of this
energy  is  available  as  some  of  it  used  in
facilitating the actual chemical reaction itself.
The amount of useable energy is termed the
‘Gibbs  free energy’  and was developed  by
Josiah Willard Gibbs. His paper published in
1873,  “Graphical  Methods  in  the
Thermodynamics  of  Fluids,”  outlined  how
Gibbs free energy, denoted,  ∆G, combines
into a single value. The change in free energy, ΔG, is
equal to the sum of the enthalpy ΔH plus the product
of the temperature and entropy ΔS of the system.
These quantities are  defined as follows;
Again using 






hf (J mol−1 )
Entropy of
formation
Sf (J mol−1 K−1)
H2O (liquid) −285,838 70.05




Each  hydrogen  molecule  used  produces  2  electrons
which pass through the external electric circuit.
For  1  mol  of  Hydrogen  2N  electrons  flow.  N  is
Avagadro’s number and equal to 6.022140857×1023. If
e is the charge on one electron:-
-2Ne=-2F coulombs
(4) 
Where e=  charge  on  one  electron  =
1.602×10−19C
F  =  Faraday’s  Constant  (the
magnitude  of  electric  charge  per
mole of electrons)
And
Electrical work = charge x voltage = -2FE 
Where E = fuel cell voltage
If  there  are  no losses  then  this  is  also  equal  to  the
Gibbs free energy released, therefore
This  value  corresponds  to  T=298.5K  and  partial
pressures of oxygen and hydrogen are equal to 1 atm.
However, since both the anode and cathode gases are
saturated  with  water  vapour  in  a  humidifier  before
entering the gas diffusion layers of  the fuel  cell  the
saturated  vapour  pressure  of  water  needs  to  be
modelled  before  going  on  to  model  the  individual
partial pressures of Hydrogen and Oxygen.
There is no exact equation for modelling the saturated
vapour pressure of water  instead various researchers
have proposed different empirical equations based on
best  curve  fitting  of   experimentally  recorded  data.
Popular  approximations  included  here  are  the  three
presented by Spiegel [6], Goth-Gratch [7]  and A Buck
[8]. 
As expected all of these models follow closely to the
experimentally observed values of vapour pressure. 
To further inform the choice as to which equation to
use, a comparison of the error between the measured
and  calculated  values  for  each  of  the  equations
presented was carried out. The results from this can be
seen in Figure 2.
Figure 2 Comparison of Errors for Water Vapour 
Pressure
The  Arden  Buck  approximation  was  chosen  as  it
seemed  to  have  the  closest  fit  around the  operating
temperature of the PEM fuel cells in this investigation
i.e.  around  60  -  90C  range.  The  Simulink
implementation can been seen in Figure 3.
Figure 3 Arden Buck Approximation 
2.2.1 Thermodynamic potential – Enernst
From equation(4), the output voltage of a single fuel
cell can be defined as 1.229V. However, this assumes
the partial pressures of both the Hydrogen and Oxygen
are at 1 atm. In practice, however, these fuels are often
diluted e.g. air as a source of Oxygen which contains
Nitrogen.  Additionally,  fuel  cells  can  operate  at
different temperatures and pressures. The open circuit
voltage  for  the  fuel  cell  can  therefore  be  further
defined as by [9] to give the following expression for
the open circuit voltage of a single fuel cell, equation
(5)  and  fig.  4  shows  its  Simulink  model
implementation.
Where;
Figure 4. Simulink model for Nernst Voltage
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3 Fuel Cell Losses
Practical  fuel  cell  potential  is  lower  than  the
theoretical  potential because of a number of internal
losses – namely activation losses,  Ohmic losses  and
concentration  (or  mass  transport)  losses.  In
electrochemical  systems,  inefficiencies  are  termed
overpotentials,  because  they  result  in  a  loss  of  the
voltage that the system can achieve at a given current
density.
In  order  to  model  a  fuel  cell  many  parameters  are
required  in  order  to  ensure  the  best  fit  between  the
model and the actual physical fuel cell. Although most
of these parameters are available from manufacturer’s
datasheets,  several  are  still  required  from  either
experimentation or other sources of literature.
3.1 Activation Losses.
The activation losses occur because a portion of the
generated voltage is required to start and maintain the
chemical  process  of  the  electrons  to  breaking  and
forming new chemicals bonds. As such, these losses
occur  at  both the anode and cathode catalysts.  This
produces a voltage drop in both electrodes of the cell.
These  losses  are  most  prevalent  at  lower  current
densities as shown in fig 6. The parametric equation
for the over voltage from empirical analysis is given
by [8] 
The values of ξn are determined from the experimental
data table developed by 10]
Where
ξ1 = -0.944 V, ξ2 = 3.54 9 10-3 V/K
ξ3 = 7.6 10-5 V/K, ξ4 = -1.96 9 10-4 V/K
The value of  can be determined based on 
Henry’s Law which is commonly stated as
Where P – pressure
C - concentration
kH- Henry’s constant
This basic form does not take into account the effect
of  changing  temperature.  One  popular  method  of
doing this is to incorporate a form of the Van’t Hoff
equation;
Rearranging this making P and C related to the oxygen
content gives:
Fig. 5 below shows this equation as implemented in 
Simulink with Fig. 6 showing the predicted activation 
voltage.
Figure 5. Simulink model for activation loss
Figure 6. Model prediction for activation loss
3.2 Ohmic Losses.
The Ohmic losses  results from the resistance to the
flow of ions in the electrolyte and electrons through
the cell hardware and interconnections. It is essentially
proportional to current density. This forms the central
linear region shown on the polarisation curve, Fig. 12.
The value of this ohmic overpotential can be modelled
as [6]
Where 
rm – membrane specific resistivity for proton
flow
4
l – membrane thickness
A – active membrane area
The  value  of  λ  is  influenced  by  the  membrane
fabrication processes,  operation time (i.e.  time being
in  service),  cell  relative  humidity,  and  the
stoichiometric ratio of the supplied gases [10]. Values
of λ are taken equal to zero for a dry membrane, 14 for
saturated,  and  23  for  supersaturated  membrane
[11,12].  Fig.  7  below  shows  this  equation  as
implemented  in  Simulink  with  Fig.  8  showing  the
predicted activation voltage.
Figure 7. Simulink model for ohmic loss
Figure 8. Model prediction for ohmic loss
3.3 Concentration Losses.
As the hydrogen supplied to the anode is used during
the production of current, there will be a resulting loss
in the pressure at the anode. The reduction in pressure
will be dependent upon both the current being drawn
from  the  cell  and  the  physical  construction  of  the
hydrogen supply system such as pipe diameter. 
The  first  assumption  made  is  that  the  major
contributing factor to the output voltage is the change
in the partial pressure of the hydrogen supplied. The
second assumption is that  the partial pressure of the
Oxygen in the air supplied is relatively constant.
With these assumptions, equation (14) can be 
rewritten to give a change in voltage as a result of the 
partial pressure of Hydrogen changing from P1 to P2.
If  a  further  assumption  is  made  such  that  the
relationship  between  current  density  and  partial
pressure is linear,  gives:
Where j= current density 
The  simulnk  model  for  the  concentration  loss
described by Equation (16) is shown in Fig. 9 . The
corresponding output is shown in Figure 10.
Figure 9. Simulink model for concentration loss
 
Figure 10. Model prediction for concentration loss
4 Full Steady State Fuel Cell Model
In  order  to  model  a  fuel  cell  many  parameters  are
required  in  order  to  ensure  the  best  fit  between  the
model and the actual physical fuel cell. Although most
of these parameters are available from manufacturer’s
datasheets,  several  are  still  required  from  either
experimentation  or  other  sources  of  literature.The
output from a single cell is  defined as [6]
The  full  steady  state  model  for  a  single  fuel  cell
Simulink implementation is shown in fig. 11. The full
predicted fuel  cell  polarisation curve can be seen in
fig. 12.
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Figure 11 Simulink model for single fuel cell





















Figure 12 Model Prediction for single fuel cell
Validation  of  the  model  has  been  against  similar
models found in literature such as in [14] as an actual
fuel cell is not available at present.
5 Dynamic Fuel Cell Model.
Any collection of charges, e.g. hydrogen ions (in the
electrolyte)  and  electrons  (in  the  electrodes),  will
generate  an  electrical  voltage.  When  this  layer  of
charge  forms  at  the  surface  of  the  electrode  and
electrolyte,  it  will  represent  a  store  of  electrical
charges  similar  to  a  capacitor.  This  electrochemical
phenomenon linking the cell  voltage to load current
variations is the double layer charging effect.
Since  the  two  electrodes  are,  as  shown  in  Fig.  1,
membrane two oppositely charged layers form across
the  porous  boundary  between  the  cathode  and  the
membrane.
With  the  current  changes,  the  charge  will  change
during a certain time and hence, the voltage will not
immediately  follow  the  current  changes  unlike  the
ohmic voltage drop.
Considering  the  effect  of  the  double  layer  while
building the PEM fuel cell dynamic model will give
the  model  more  accuracy  when  describing  the
dynamic performance. Thus, it is quite reasonable to
use  a  capacitor  to  model  the  capacitance  effect
resulting  from  the  charge  double  layer  [13].  This
phenomenon is represented in Fig. 13 as an equivalent
electrical circuit.
Where  the  term   denotes  the  double  layer
capacitance of a single cell.
Figure 13 Equivalent circuit for dynamic model of fuel
cell.
Equation (18) describe the first order dynamics of the
activation voltage and current  with reference to Fig.
12
The  activation  voltage  model  shown  in  Fig.  5  was
further modified to take   into account as shown
in Fig. 14
Figure 14 Dynamic Model for Activation Loss
5.1 Validation of Dynamic Model
In order to test the dynamic response of the fuel cell
model the current demand took the form of a square
wave as opposed to the ramp input used to validate the
steady state model.
Validation  consisted  of  comparing  the  model  with
those  found  in  literature  as  done previously  for  the
steady state model
Figure 15 Output Characteristics of Dynamic Model
6 Conclusion
6
A  mathematical  model  of  PEM  fuel  cell  has  been
developed based on a Ballard-Mark-V 35-cell  5-kW
fuel  cell  stack  by  modelling  the  major  electric  and
thermodynamic variables and parameters involved in
the operation of the PEM fuel cell with the association
of the influence of the environment and conditions of
the fuel cell operation. The results compare with those
found in literature such as [14].
Each individual fuel cell can only output just over 1
volt  under  open  circuit  condition.  Increasing  the
number of cells in a stack increases the voltage, while
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